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Abstract. Guo and the second author have shown that the closure [I] in the Drury- 
Arveson space of a homogeneous principal ideal I in C[zi, ■ ■ ■ ,z n ] is essentially nor- 
mal. In this note, the authors extend this result to the closure of any principal 
polynomial ideal in the Bergman space. In particular, the commutators and cross- 
commutators of the restrictions of the multiplication operators are shown to be in the 
Schatten p-class for p > n. The same is true for modules generated by polynomials 
with vector- valued coefficients. Further, the maximal ideal space Xj of the resulting 
C* -algebra for the quotient module is shown to be contained in Z(I) n <9B„, where 
Z{I) is the zero variety for /, and to contain all points in dM n that are limit points 
of Z(I) n M n . Finally, the techniques introduced enable one to study a certain class 
of weight Bergman spaces on the ball. 



1. Introduction 

In [31 H] Arveson raised the interesting question of whether homogeneous polynomial 
ideals lead to C*— algebras of essentially normal operators. In particular, one knew that 
for Hilbert spaces of holomorphic functions on the open unit ball B n = {z e C n : \z\ < 
1} such as the Hardy and Bergman spaces, the operators defined to be multiplication 
by polynomials were essentially normal. Arveson focused on a related space, now called 
the Drury-Arveson space, and showed the same was true. Moreover, he asked if the 
submodule [I] defined as the closure of a homogeneous polynomial ideal I has the same 
property. Actually, the commutators and cross-commutators of these multiplication 
operators on are in the Schatten p— class C p for p > n and Arveson asked if the same 
was true for the operators on [I]. Perhaps the best result responding to this question 
is due to Guo and the second author [T7|, which established that Arveson's conjecture 
is valid for principal homogeneous polynomial ideals. In this paper, we introduce a 
new approach to this problem based on covering techniques from harmonic analysis. 
We use it to extend the earlier result to arbitrary principal polynomial ideals. 

Theorem. If M. = [p] is the submodule of the Bergman space L^(M n ) generated by an 
analytic polynomial p, then Ai is p— essentially normal for p > n. 

As in [17] , we show that the p— essential normality extends to submodules generated 
by a polynomial with vector-valued coefficients. 

Although the overall strategy in this paper is similar to that used in [TTJ, the tech- 
niques used in this paper are very different and, we believe, provide better insight into 
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why the result is true. In particular, the key step in the proof in [T7] is an inequal- 
ity which allows one to show that the commutators in question are in the Schatten 
p— class C p . We refer the reader to the discussions in [131 120]. An attempted proof of 
this inequality, using standard techniques from PDE, fails since the estimate obtained 
only shows that those operators are bounded. Hence a different approach was used in 
[17], but one which was far from transparent. 

Here we take advantage of the fact that the analysis takes place not just in the con- 
text of real analytic functions but for holomorphic ones. Hence, we are able to replace 
the inequality by one involving both the radial and complex tangential derivatives 
and then modify and extend known techniques from harmonic analysis to obtain the 
desired result. The key step in this proof rests on weighted norm estimations, which 
follow from a covering argument, now standard in harmonic analysis, due to Grellier 
[T5] . This approach provides a new proof for the case of principal homogeneous poly- 
nomial ideals. However, for general polynomials, there is still a critical step needed. To 
handle this case, one must replace the quantity estimated in the basic inequality by an 
infinite series of terms, each one of which requires an estimate involving an analogue 
of an inequality that follows from this covering argument. To show that the series 
converges, one needs to examine carefully how the constants in the estimates behave 
and show that they depend only on the dimension of the ball and the degree of the 
polynomial. 

As a consequence of the essential normality of the cyclic submodule generated by a 
polynomial, one obtains an extension of the C*— algebra of compact operators by the 
algebra of continuous functions on a closed subset of the unit sphere in C n which is 
related to the zero variety of the polynomial. (Here one is using the quotient module 
defined by [p].) As a result one obtains an odd K- homology element. We discuss 
these issues as well as other consequences of the main result. In particular, the main 
result is equivalent to the fact that for the Bergman space defined relating to the 
volume measure weighted by the square of the absolute value of the polynomial, the 
commutators of the multiplication operators by coordinate functions on this closure 
are in L v for p > n. The result involves an explicit characterization of the elements in 
the spaces. 

In Section 2 we provide the variant inequality, state the norm estimates required 
and outline the argument of the main result. The norm estimates are established by 
an appropriate covering argument in Section 3. Finally, in Section 4 we discuss briefly 
the result for the weighted Bergman space and some of the consequences of essential 
normality including the odd K-homology element defined. 

2. Main Result 

In this paper, we are mainly concerned with the (weighted) Bergman spaces L 2 a (JS> n ) 
(L^ t (B n )) over the unit ball B n . The weighted Bergman space L„ t (B n ) (t > 0) consists 
of the analytic functions in Lf(M n ) with the norm 

11/11? = / \f(z)\ 2 c t (l-\z\ydv(zl 
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where c t = , dv(z) = y^p^) anc ^ ^ m * s ^ ne Lebesgue measure over M n , Vol(-) 
is the measure of the domain. (In this paper we need only the case that t is a non- 
negative integer.) It's well known that L 2 t (M n ) has the canonical orthogonal basis 
{z a : a = («!, ■ ■ • , a n ) G Z n , > /or 1 < i < n} (see e.g. [21]) with 

2 a!(n + t)! 
II II* ( n + f + | a |)!> 

where a\ = a±\ ■ ■ ■ a n \ and \a\ = a% + ■ — h a n for a multi-index a = (a±, • • • , a n ). 

We will focus on the operators on L 2 t (M n ) rather than the function theory. We 
pursue the same basic strategy as in [17]. For / G H°°(E n ), the set of all bounded 
analytic functions on B n , define the multiplication operator on L 2 t (M n ) as 

Mf\g) = fg,geLl t , 

which is a bounded operator with norm ||/||oo- And define the weighted Toeplitz op- 
erator Tf on Ll )t (M n ) with the symbol / G L°°(B n ) as 

Tf\g) = P®Mf{s) = P {t \fg),g G L 2 at , 

where is the orthogonal projection from L 2 (M n ) to L 2 t (M n ). To simplify the no- 
tation, we let \\f\\,Mf,Tf denote the norm of /, the multiplication operator and the 
Toeplitz operator on L 2 (M n ), respectively. 

In this section we will prove that the cyclic submodule Ai = [p], which is gener- 
ated by an analytic polynomial p in the Bergman space L 2 (M n ), is essentially normal 
(p— essentially normal ). That is, the commutators [S Xi ,S* ] are compact (in C p ) for 
1 < h j < n i where S Zi is the restriction of M Zi to A4. 

In what follows denote by iV the number operator on L 2 (M n ) as in [21 [T7J so that 
N(z a ) = \a\z a for any non-negative multi- index a, and let d{ = d Zt ,di = d- Zi be 
the partial derivatives with respect to Zi,~z~i, respectively. Furthermore, let R(f) = 
Y^H=i z i®i(f) ^ e ^ ne ra dial derivative. Obviously, Rf = mf for any homogeneous 
analytic polynomial / with m = deg(/). We refer the reader to [21] for more properties 
of the radial derivative. Finally, let Lj^p = Zidjp — Zjdip be the complex tangential 
derivative, which behaves well relative to the distance to the boundary as shown, for 
example, in [15], [211 Section 7.6] as well as in other references. 

Our first result is a variant of formula (2.6) in [17] . which is an identity relating the 
commutator of multiplication operators and the radial derivative. 

Proposition 2.1. For analytic polynomials f,p G C[z\, ■ ■ ■ ,z n ], the equation 

oo . 

MIM V f - M p M* Zj / = £ — — — , k+1 [(M djRkp - M* z M Rk+lp ) f],l<j<n 
holds on the Bergman space L 2 (M n ). 

Proof. By linearity, it is enough to verify the case in which p = z a and f = z 13 . Using 
the fact that M* (z a ) = -A z"'^, where 1 < j < n and is the multi-index with a 
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1 in the j position and in all other positions, then we have 



LHS = M* z .z a+P - z a M*.z 13 = [ ■; , -, .„ — 7 | : 



n+\a\ + \(3\ n+\P\ 











(n + 


a\ 


+ i/3|)(n+|/3|) 



n + \a.\ + \p\)[n+\p\) 
Furthermore, we have 

oo 1 

RHS = V- rr- T \\a\ k M d . (za) z p -Ml (\a\ k+1 z a+ ^ 

(N + 1 + n) k+1 3 



k=0 

oo 



sr H r M(Qj+M u«+i3- 

^fla| + |/3|+n)*+ lL J n+|ft| + |/3| J 



fc=0 



ft, - M^±M]^-, = Li ^, 



n+ |/3| L J n+ |ft| + 
which completes the proof. □ 

To use the strategy of [T7], we need to show the convergence of the infinite sum 
in the RHS above in an appropriate sense. The following proposition will play an 
important role in that. 

Proposition 2.2. For positive integers n and m, there is a positive constant C(n,m) > 1 
such that for every analytic polynomial p G C[zi, ■ ■ ■ , z n ] with degree m, the following 
inequalities hold: 

(1) \\(R 1 P) fill < ^^'^ +1 |b/|lL-2i, f° r ever V mte 9er I with 0<l<k, 

C2k-2l 

(2) /Hafc+i < C2k+lC ^ n ' m ^ \\pf\\l k , for integers i,j with l<i^j<n, 

C2k 

(3) \\{9jP) f\\ik+2 < ° 2k+2C ^ n ' m ^ \\pf\\lk, for every integer j with l<j<n, 

for any analytic polynomial f G C[zi, • ■ ■ ,z n ] and non-negative integer k, where c t = 

^ fort G N. 
nit' J 

The proof of this proposition rests heavily on techniques from harmonic analysis. 
We postpone the proof to the next section. We show first how to obtain the essential 
normality of Ai = [p] from it. 

Lemma 2.3. Fix I G N. For any analytic polynomial f satisfying d a f(0) = for 
\a\ < I and any non-negative integer k, we have 

m H 1 ,M2 ^ (n + 2k + 1 + l) l llfll 2 

W \ N+ l +n )k + l/2J\\ ^ ( l + 1 + n) 2k+l WJhk+l, and 

( 2 ) II 7jy + 1 + [ T %' ~ T 4 2fc+1) *]^)H 2 - n + n \2k+l H/ll2fc+2> 1 <J < n - 
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Proof. By the orthogonality of homogeneous polynomials of different degrees, it's 
enough to show the inequality in the case that / is an analytic homogeneous poly- 
nomial with d = deg(/) > /. 

(1) By the fact that ||-z Q || 2 = 7^%r^ , we have for a homogeneous analytic polyno- 
mial / = ^2\ a \=d a aZ a and a non-negative integer t, that 

.. ||2 . |2 a\n\ n\ (n + 1 + d)\ ^-^ . |2 a\(n + t)\ 

11/11 = ,V K ' (n + d)\ = (n + d)\ (n + t)\ ^ Kl (n + d + t)\ 

\a\=d \a\=d 

n\ (n + t + d)\ 2 
(n + d)\ (n + t)\ Ullt ' 

Therefore, for a non-negative integer k we have 

r rrp(l) II * f|| 2 = - 

11 (d+ l + n) k +V 2j " (d + 1 + n )2fe+l 

1 n\ (n + 2k + l + d)\ 

(d+l + n) 2k+1 (n + dj\ (n + 2k + 1)! 



2 

2fc+l" 



Here, LHS^ refers to the left-hand side of the inequality in statement (1). 
Since d > / and 

(n + 2A; + 1 + d)\ {n + 2k + l + d)---(n + d + l) ^ 2A; 



(d + l + n) 2k+1 (n + d)\ (d + 1 + n) 2k+1 v d + l + n vy ' 

we see that this product is monotonically decreasing with respect to d. Thus we have 

(n + 2k + 1 +d)\ (n + 2k + l + l)\ 



(d+ l + n) 2k+1 {n + d)\ ~ {l + l + n) 2k+l {n + l)V 

This means that 

rHqi x) n!(n + 2fc + l + Q! 2 

S (l + l + n) 2k ^(n + l)\(n + 2k + l)\ Uhk+1 

< ( " + 2fc + It. 11/11^=^), 



(/ + l +n )2fc+l II-' 'l^-M 

which completes the proof of (1). 

(2) We begin the proof of (2) with an observation. Although the range of T 2 



(2fc+l)* 



is contained in L 2 2k+1 (M n ), it's easy to see that the image of an analytic polynomial 



under j^ 2fe+1 )* j s s ^jU an analytic polynomial. This follows from the fact that 

(2.1) Tj 2fc+1) *(z Q ) = r~^ a ~ e \ Kj<n. 

K J 2j v ; n + 2k + 1 + \a\ > -J - 

Therefore it belongs to L 2 a (J8> n ) and the LHS^ 2 ^ makes sense if / is an analytic polyno- 
mial. Specializing (12. ip to k — 0, one sees that 

(y ■ 

(2.2) T; (^) = — >J*-i, l<j<n. 

3 n + at 
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Combining formulas (12. ip . (2.2), we have 

T* ( z a ) - T^ k+r >*(z a ) = Qj(2fc + 1) £ . _ 2k + 1 

Z > V ' z * V } {n + \a\){n + 2k + 1 + \a\) " n + 2k + 1 + \a\ ZjK 

Thus, for any homogeneous analytic polynomial / with d = deg(f), one has that 



9k 4- 1 

T* ( f) — 'r( 2fc + 1 W f) — ^ 7^* f A 

«iU; * VJ) n + 2 k + l + d zAJJ ' 



This implies that 



rrro(2) II ^ 2k + I , 

\d + n) k + 1 / 2 n + 2k + l + d z ^ J)l1 



1 (2A + 1 



,2 



(d + n) 2fc+1 (n + 2A; + 1 + d) 2 

1 (2£; + l) 2 n! (n + 2A; + 2 + d)! 

(d + n) 2fc+1 (n + 2A; + 1 + d) 2 (n + d)\ {n + 2k + 2)\ 

Using the same monotonicity argument as in (1), one shows that 

{n + 2k + 2 + d)\ {n + 2k + 2 + l)\ 



2 

2fe+2' 



{n + 2k + 1 + d)(d + n) 2k+1 {n + d)\ ~ (n + 2k + 1 + n) 2k+l {n + 1)1 ' 

Hence, 

rHqi 2) < (2fc + l) 2 n!(n + 2fc + 2 + /)! 

- (n + 2k + l + l) 2 (l + n) 2k + 1 (n + l)\(n + 2k + 2)\ llJll2k+2 

< ^^^ 11/11^ = ^. 

which completes the proof of the lemma. □ 

Using Proposition 2.2 and Lemma 2.3, we establish in the following proposition the 
necessary norm estimates for each term appearing in the infinite sum of Proposition 
2.1. 

Proposition 2.4. For non-negative integers k, I and analytic polynomials p, f £ C[zi, ■ ■ 
satisfying d a f(0) = for \a\ < I and m = deg(p), we have the inequality 

where C(n, m) is the constant appearing in Proposition 2.2 which depends only onn,m. 
Proof. The key idea of the proof is the following well-known identity (see e.g. [7] ) 

n n 

(2.3) djg-zjRg = (1 - ^ \zi\ 2 )djg + ^ z^d^g) - ~jd % {g)} 



|2\ 



2 



i=l,i^j 

for any smooth function g on B n . 

Using the above identity with g = R k p, we have 
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< 
< 

< 
< 



n (Ar+1 + n)fc+ i/ 2 [ M ^ - M:M Rk+ip ](f)\\ 

II (AT+l+n)fc+i/2 [ M djR k p ~ Tzf k+1) *M Rk +i p }(f)\\ + [I (JV+1+ ^ )fc+ i/2 (T*. - T^ k+1) *)M Rk +l p (f)\\ 

(n+Z+2fc+l)'/ 2 ii T ,(2fc+l) ,i| | (n+2fc+2+Q'/ 2 || A/r / f x|i 

(i+l+n)*+V2 ll^-i^p-^+V l|2fc+1 (Z+n) fc +V2 ll^-R^pU Jll2fc+2 



(ra+2fc+2+Q'/ 2 I 
(« +n )fc+i/2 I 



;i-|^| 2 )^ J R fc (p)/|| 2 , +1 + \\L jti R k (p)fhk + i + \\R k+1 (p)f hk+2] 



{ T + npS /2 [ny/^£^\\R k (p)f\\2k + \\R k+l (p)f\\ 



' ' " ' C "2fc+2] 



(n + l)(n + 2fc + 2 + /)'/ 2 C(n,m) fe+2 yc^ 

< (Z + n)^ II^H 

(n + l)(n + 2k + 2 + lf +n ^ 2 C(n, m) k+2 „ 

< (l + n)W Ml " 

The first inequality follows from the triangle inequality, while the second one is implied 
by Lemma 2.3, and that to the fourth line follows from formula (12. 3p and the triangle 
inequality. Finally the inequalities of the second and third lines from the end follow 
from Proposition 2.2. This completes the proof of the proposition. □ 

We now prove the essential normality of Ai = [p] for p e C[z±, ■ ■ ■ , z n }. 

Theorem 2.5. If Ai = [p] is the cyclic submodule of the Bergman space L 2 (M n ) 
generated by an analytic polynomial p G C[zi, • • • ,z n ], then At is p— essentially normal 
for p > n. 

Proof. Suppose that m = deg(p) and fix I satisfying n + I > 2C(n,m). Let 

S l = {f e C[ Zl , z 2 , ■ ■ ■ , z n ] : d a f(0) =0for\a\< I}. 
For any integer j with 1 < j < n, define Dj : p$i C L 2 JJ& n ) — > L 2 a (J8> n ) by 

D iM = E ( N + l + n)^/ 2 [Md ^ ~ K M #+^f)> f e *■ 

By Proposition 2.4, Dj is a bounded operator. 

Let Pi be the projection from L 2 (B n ) to the closure M.\ of p$x in Ai = [p\. Using 
Proposition 2.1, we have that for any polynomial / G S\ 

P^MlP^pf) = PmxM p M;(/) + P M x + * + Djipf) 

This means that P M ±M*.Pi is in the Schatten p— class for p > 2n by the fact that 
jV+ 1 1+w is in the Schatten p— class for p > n as shown in [2J and Dj is bounded. 
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Since Aii is a finite co dimensional subspace of for any integer j with 1 < j < n 
we have P_m±M*.Pm is also in the Schatten p— class for p > 2n. By Lemma 2.1 in [17] . 
one sees that A4 is p— essentially normal for p > n. □ 

Remark 2.6. Theorem 2.5 can be generalized to the vector-valued case with a slight 
modification. Let p = (pi, • • • ,p r ) G C[zi, ■ ■ ■ ,z n ]® C r , where each pi is a polynomial 
with degfjOj) < m for some fixed m, and Ai = [p] be the submodule of L 2 (M n ) eg) C r 
generated by p. For 1 < j < n, define Dj = (-D? i, • • • , Dj, r ) '■ V^i L^(M n ) <8> C r by 

D h M) = E {N + l + n)k+ i/2 \ M ^n - M* z M Rk+lpi }(f), f e $ h 

Using an argument similar to that for Theorem 2.5, one sees that for any f G Si, 
P M ±M* Zj Pi(pf) = P M x {N+ ^ +n)1/2 Dj{vf). Thus, one can obtain that P M ±M* Zj P M G C p 
for p > 2n. This means that the submodule [p] is p-essentially normal for p > n. 

3. Proof of Proposition 12.21 

We will complete the proof of Proposition 2.2 in this section by proving an equivalent 
variant of it. 

In what follows, we set Q r = {z G B n : \z\ > r} for < r < 1. 

Proposition [2~T2] , For positive integers n andm, there is a positive constant C(n,m) > 1 
such that for an analytic polynomial p G C[zi, ■ ■ ■ ,z n ] with degree m, the following in- 
equalities hold for any analytic polynomial f and non-negative integers i,j,k,l with 
< I < k, 1 < i ^ j < n: 

(1) ( \{R l p){z)f(z)\ 2 (l-\z\ 2 ) 2k dm(z)<C{n,m) k+1 ! \p(z)f(z)\ 2 (l - \z\ 2 ) 2k ~ 21 dm(z); 

(2) [ \{L hl p){z)f{z)\ 2 {l-\z\ 2 ) 2k+1 dm{z)<C{n,m) k+l [ \p{z) f {z)\ 2 {I - \z\ 2 ) 2k dm^ 

(3) / \{d J p){z)f{z)\ 2 {l-\z\ 2 ) 2k+2 dm{z)<C{n,m) k+l [ \p{z) f {z)\ 2 {I - \z\ 2 ) 2k dm{z) . 



'31 

1 



Note that the constants q appearing in the statements of Proposition 2.2 are implicit 
here since integrals have replaced norms in these statements. With that observation 
it's easy to see that Proposition 12.21 follows from Proposition 12.21 We use the following 
lemma to prove the other direction. 

Lemma 3.1. For a non-negative integer t and f G L 2 at (B> n ), we have 

j \f{z)\ 2 {\ - \z\ 2 Ydm(z) < 3' +1 f \f{z)\ 2 {l - \z\ 2 Ydm(z). 

7 
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Proof. We begin with the case t = 0. It's easy to see that 

\z a \ 2 dm(z) = (_) 2 H+ 2 ™ f \z a \ 2 dm(z). 



4 



Thus, 



/2N2|a|+2n 

z a \ 2 dm(z) = 13 2N9 , — / \z a \ 2 dm(z) < 2 / \z a \ 2 dm(z). 



W 1 " (D 2|Q|+2n ^<W<! A<W< 

Therefore, for each analytic function / on B„, it follows that 



\f(z)\ 2 dm(z)<2 / \f(z)\ 2 dm(z). 
*l<£ Jk<\*\<\ 
For the general case t > 0, we have 

|/(z)| 2 (l-M 2 )^)< / |/W| 2 rfm(^) 
< 2 / |/(z)| 2 dro(z) < 3 t+1 / |/(^)| 2 (1 - \z\ 2 fdm(z), 

4<w<! 4<N<! 

which leads to the desired result. □ 



Now we show how to prove Proposition 12.21 from Proposition 12.21 . 

By Lemma 3.1, clearly (1), (3) in Proposition 2.2 and Proposition 12.21 are equivalent. 
Inequality (2) is not so obvious since Lj ti (p) is not analytic in general. To avoid 
unnecessary complexity, we show that (2) and (3) of Proposition 12.21 imply (2) of 
Proposition 12.21 In fact, (2) of Proposition 12.21 implies that 

c 2k+1 I \(L jti p)(z) f(z)\ 2 (l - \z\ 2 ) 2k ^dv(z) < C2k+lC{n > m)k+1 \\p(z)f(z)\\l k ; 

J Six c 2k 

and using Lemma 3.1 and (3) of Proposition 12.21 one shows that 

II(%<P)(*) f(z)\\lk + i - [ \(Lj, iP )(z) f(z)\ 2 (l - \z\ 2 ) 2k+1 dv(z) 



= c 2k+1 I \{L hl p){z)f{z)\\l-\z\ 2 ) 2k ^^ 

J\z\<\ 

< c 2k+l [ 20^)W/(z)| 2 + |l-(^)W/(z)| 2 ](l-|z| 2 ) 2fc+1 ^ 

J\z\<\ 

< 4c 2fc+1 f [|(a iP )(z)/(z)| 2 + |(a iP )(z)/(z)| 2 ](l-|z| 2 ) 2fc+2 ^ 

J\z\<\ 

< 8-3 2 *+ 3 c 2fc+1 C(n,mW \p(z) f(z)\ 2 (l - \z\ 2 ) 2k ^ 

J M n 

c^(8-3 3 C(n.m)) k+1 .. .... .... 
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Therefore, \\(L j>{ p)(z) f(z)\\ 2 2k+1 < as desired, and we 

have shown that Propositions 2.2 and 2.2' are equivalent. 



The remainder of this section will be devoted to the proof of the weight norm es- 
timates in Proposition 12.21 . The strategy of that is similar to the argument in |15j . 
However, we will give a complete proof, since in our proof we need to keep careful 
track of the constants. Let us begin with a local result in dimension one. 

Lemma 3.2. For a one-variable analytic polynomial p G C[z] with m > deg(p), an 
integer I with 1 < I < m and an analytic function f on the complex plane C, we have 

(1) \d l p(0) f(0)\ < Jj |p.f|ff j where || is the normalized Lebesgue measure on 
the unit circle T. 

(2) r l \d l p(0) f(0)\ < 2(m-0! X-p Iff/l^S where is the normalized Lebesgue 
measure on the disk rD. 

Proof. (1) Without loss of generality, suppose m = deg(p) and 

p(z) = z u (z - ai) • • • (z - a v )(z -b x )---{z- b s ), 

where u + v + s = m, |aj| > 1, < 1, 6j ^ 0. It's easy to see that |<9'p(0)| = if I < u. 
Moreover, for I > u we have 

1^(0)1 = 1/! TT aibj\<l\ ^ l Q i ■■■a v \ < , m " n , Wi ■ ■ -a v \. 

' 1 [m — l)\ 



Therefore, 



A 1 C{1,2,--- ,v}; iGAij'GA 2 A 1 C{l,2,-- 1 w}; 
A 2 C{1,2,--- ,s}; A 2 C{1,2,--- ,s}; 

|A 1 |+|A 2 |=m-i |Ai|+|A 2 |=m-; 



\pf\7T = [ \(z-a 1 )---(z-a v )(z-b 1 )---(z~b s )f\^- 

Z7T ./t Z.7T 



d6 

[z-ax)-'-{z - a v )(l - b x z) • • • (1 - b s z)f\ — 

Zn 

{m-l)\\d l p(0)f(0)\ 



> l«i •• -^11/(0)1 > 

m\ 

(2) For r > and the analytic function /, let f r {z) = f(rz). Then we have 

^ T J0<r'<r J 6 7Tr 



, ,27r(m — /)!„, , ,^,r'dr 

> I I — dPr>(0)fr>(0)\ — 



0<r'<r 



ml nr z 



2(m-n!, , . . , X1 f r' l+1 dr' 



m\ Jo<r'<r r2 



ending the proof of the lemma. □ 
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We will establish the full inequalities in Proposition 2.2' using the local result from 
the preceding lemma and the following Covering Lemma. We start by defining a special 
family of open subsets of C n . 

Definition 3.3. For any a G C n — {0}, let P a be the orthogonal projection from C n onto 
the one- dimensional subspace [a] generated by a, and P^- be the orthogonal projection 
from C n onto C n [a]. Given 5 > 0, define the neighborhood Q$(a) of a by 

Q s {a) = {zeC n : \P a (z) -a\<6, \P^{z)\ < V5}. 

r— - 

Lemma 3.4. Fixing j < r < 1 and < c < min{^p, j^}, define 5{z) = c(l — \z\). 
For z6fl r , we have: 

(1) For any z' G Qs{ z ){z), 

1 — \z'\ 2 1 1 — \z'\ \z'\ 

1 - 3c < LL < 1 + 2c; - < ^ < 3; 1 - 4c < i-f- 

1 — |z| z 3 1 — \z\ \z\ 

(2) Q S (z){z) Q ^r-4c C Qi. 

(3) There exists a constant C = 200 independent of z,r,c such that, if z' G Qs(z){ z ), 
then Qs{ z ){z) C Qc&(z>){z') and Q 5 {z'){z') C Qc *(*)(*)■ 

Proof. Using rotations in C n , without loss of generality we can suppose z — (a, 0, 0, • ■ ■ , 0) 
and z' = 6 2 , 0, • • • , 0) with < a < 1, < b 2 . 

(l)By the definition of Qs( z )( z )i \bi — a\ < 5(z) and I&2I < a/ 5{z). This implies that 

i7i r / \ 1 — a 

< a + <S(z) < a H ^— < I. 

Furthermore, using a direct computation one sees that 

a 2 -N 2 N 2 



1 - 1 


z' 


12 


1 - 


\z\ 


2 





2 _ 


A 


2 


1 - 


Z \ 


2 



1 + ^ r^r- = 1 + 



1 



(0+ 61 ) a-61 62 2 

< J < ' r^i < 2c, < 1 lo < c. 

- 1 1 " - 1+ z (1- z) - 1- z 2 



3c < —hr < 1 + 2c. 



|a 2 - 


l&i 


2 


1 - 


z\ 


2 



1 - | 


z' 


12 


1 - 


\z\ 


2 



and 



Therefore, 



This implies that 

1 (l-3c)(l+|z|) 1-jg] (l + 2c)(l + |s|) ^ o 

1 j 3 < 1 + 1^1 i-N i + k'l 

Moreover, since (1 — 4c)|z| < we have 1 — 4c < W. 

(2) From (1) it follows that 1 > \z'\ > \z\ — 4c > r — 4c > |, as desired. 

(3) For a point u> G C n , write u> = u> 2 , w') with iOi,w 2 G C,w' G C n ~ 2 . If 
ty = (wi, w 2 , w') G Qs( z ')(z'), then by Definition 3.3 and inequality ( 13. ID we have that 
lit;' 



/| < v/^V) < v^^iy, and 

(wi, w 2 ) = u(h, b 2 ) + s(-b 2 , h) 
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with \s\< \J \ b ^2+\ b2 \2 < 4a/5(V) and \(u - l)(b 1 ,b 2 )\ < S(z'). This means that 

\wi — a\ = \ubi — sb 2 — a\ < \{u — l)&i| + \b\ — a\ + |s&2| 
< S(z') + 5{z) + Ay/5{z')5{z) < 165(2) 

and 

\w 2 \ = \ub 2 + sh\ < \(u - l)b 2 \ + \b 2 \ + \sh\ 
< 6{z') + v 7 ^) + 4v^(?) <6y/3S(z). 

So, Q S (z')(z') C Q2005( 2 )(^)- 

On the other hand, if w = (wi,w 2 ,w f ) G Qs( z )(z), by Definition 3.3 we have 
\w'\, \w 2 \ < \/5(z) and \w\ — a\ < 8(z). A direct computation shows that 

w 1 b 1 + w 2 b 2 ,, , , , w 2 bi-wib 2 j- 

K ' W2) = WFT^F (61 ' 6s) + WFT^F ( " 62 ' bl) - 

Since 

lg±0<^>-,..M 
* m - i^W<^>' + 'TOP' 6 " 62 ' " (6 " wi 

< 5<5(z) + A\ab x - |6i| 2 - |6 2 | 2 | < 135(z) < 395(0; 

and 



it follows that we have Qs(z')( z ') C <32oo<50) (<s) as desired. □ 

Proposition 3.5 (Covering Lemma). Fzx r = |, c = 1Q ^ 0Q3 and define 5(z) = 
c(l — T/ien i/iere exists a countable set of points {z s } in Q r having the following 
properties: 

(i) tt r C U«Q«(*.)(^) anrf < 52oo- 2 5( Zj )(^') n Q 200 -2 8(z s )(z s ) = «/ j ^ s. 

(ii) Q200 2 5(z s )( z s) 0: ^r-c; ^0 point belongs to more than N(n) + 1 of the sets 
Q 200 2 5(z s )(zs), where N(n) = 200 6n+6 depends only on the dimension n. 

Proof. First we choose {z s } satisfying (i) by a classical method of harmonic analysis. 

Set Ti = {Q 2 oo- 2 6(z)(z) : z G £l r }. Let r\ be the supremum of the radii 200~ 2 5(z) of 
the members Q 2 oo- 2 s(z)( z ) of Li. Choose z\ G fl r with radius 200~ 2 5(zi) > y. Discard 
all the sets in Ti that intersect Q 2 oo-' 2 s(z 1 ){ z i), and denote the remaining collection by 
r 2 . Let r 2 be the supremum of the radii of the members of T 2 and choose z 2 with radius 
200~ 2 5(z 2 ) > y- After, discarding all the sets in T 2 that intersect Q 2 oo- 2 s(z 2 )( z 2), denote 
the remaining collection by r 3 , and continue inductively. One sees that the process 
will continue through the natural numbers. We thus get a sequence {z s } such that 

Q200- 2 S(z 3 )( z j) n Q 20 0- 2 6(z s )( z s) = if j ^ S. 
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If some Q2oo-' 2 8(z)( z ) £ Ii was discarded at the j—th stage, then Q 2 qq-2s(z)( z ) H 
Q2oo- 2 5(2 J )(%) 7^ 0- Fixing a point z' in the intersection, by Lemma 3.4 (3) we have 

Q200- 2 5(z)(z) C <5200- 1 <5(z')(^ / ) — Q<5(zj) ■ 

Therefore, 

Q [J Q200- 2 S(z)(z) C [_JQ<5(2 s )(^s)- 

This means that the sequence satisfies (i). 

Now we show that the sequence {z s } satisfies (ii). From Lemma 3.4 (2), clearly 
Q200 2 5(z s )(z s ) Q ^r-c- For any z G fi r _ c , let 

A 2 = {j : z G Q 2 oo 2 s(z j ){zj)} C N. 

Using Lemma 3.4 (1) and (2), one sees that 

Q2ooa*(* i )(^) Q Q2oo3s(z){z); < S(z) < SS(zj) Vj G A*. 

By the fact that Q 20 o-^5( Zj ){ z j) n Q 2 oo- 2 <5(* s ) fe) = 0, Vj, s G A*, j 7^ s, and 

UjeA z Q200- :i 5(z)( z j) Q UjeA z Q200- 2 5(z J )( z j) Q Q200 3 S(z)(z), 

we have IAJ < ^f^^f = 200 6ra+6 , which establishes (ii). □ 

Now we turn to the proof of Proposition 12.21 . Here we use the same notation as in 
Proposition 3.5. 

Proof of Proposition [2T2J (2) 

We begin with a local result, i.e., an inequality which holds on Qs(z)(z) with z = 
(a, 0,0, ■ ■ • ,0). Obviously, Lj ti ^ only if i — l,j > 1 or % > l,j — 1; and in these 
cases Lj ti = adj or Ljj = —adi, respectively. 

We consider the complex tangential derivative 82 first. For a point w G C n , write 
w = (zi, z 2 , z') with zi, z 2 G C, z' G C n ~ 2 . For any z±, z' satisfying \z\ — a\ < S(z), \z'\ < 
a/0.5<5(z), we have w G Qs(z){ z ) if 1-22 1 < a/0.5<5(z). 

Using Lemma 3.2 one shows that, if \z\ — a\ < 8(z) and \z'\ < a/0.55(z), then 

l\/0^M«i. 0,*')/(*i,0,*')| < 2m / [p(zi, z 2 , z')f(z u z 2 , z') \ n t"^ , ■ 

Therefore, 

| v / 0.5^)a 2 p(a,0,0)/(a,0,0)| 



< 



-a[<5(z),|«'|<- v /aitf(i) 7rd(2;) KoZ{|2'| < a/0.5<)(^)} 

< 2"m f \p(w)f(w)\: dm{w) 



n Vol{Q 5{z) {z)Y 
Using Holder's inequality, we have 

|v^57(i)^(a,0,0)/(a,0,0)| 2 < 2 2n m 2 [ \p{w)f{w)\ \ ^ H 
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The same argument is also valid for dj, 1 < j < n. This implies that 

\v TP {z)f{z)\\i -\z\) < / bH/HI 2 (/, " (: "' :) 



LeQ S{z) (z) Vol{Qs( z) {z))' 

The expression |Vtp(^)| is called the tangential gradient of p at z (see e.g. [211 Section 
7.6]) with the definition 

n 

\Vtp(z)\ = max{ \ Uidip{z)\ : u G dM n , u.Lz}. 

i=l 

Using rotation, the above inequality is valid for any z G Q r with r = ~. This means 
that for any z G 1 < i ^ j < n, we have 

|L ifiP (z)/(*)| a (i - N) < / IpM/MI 2 ,, "' ( "' ) 



c JueQtwW Vol(Q s{z) (z)Y 
Therefore, for 1 < i ^ j < n one sees that 

\L hl p{z)f{z)\\l-\z\ 2 ) 2k+l dm{z) 



3r 



< 2/ \L jti p(z)f(z)\'(l-\z\)(l-\z\ydm(z) 



< 



< 



^(i + 2c)»(i - W 2 ) 2fc U w ,) [J.^, bH/HI 2 v^fey]^W 



- T\ TWk / \p(w)f{w)\ (1 -\w\ ) dm{w). 



By Covering Lemma [3.51 we have 

\L hl p(z)f(z)\\l-\z\ 2 ) 2k+1 dm(z) 



^ W s) I^P(*)/(z)l 2 (l - k| 2 ) 2fc+1 ^(.) 

3n + l 2 2n+2 m 2( 1 + 2e )2fc 



< E, ^^ /^) bW/WPd - -) 2 ^(:) 

< ^ggfe^ iV(n) J Bn |p(z)/(z)| 2 (l - M 2 ) 2fc ^) 

< (24 n+1 m 2 iV(r2)/c) fc+1 J B |p(z)/(z)| 2 (l H*| 2 ) 2 *<Mz), 



as desired. 

To prove inequality (1), the following lemma is needed. 

Lemma 3.6. For any smooth function f on the complex plane C, 

i 

R l f = J2 a ? zjdj f 
i=i 

with | of | < (j + 1)'. 
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Proof. We prove the lemma by induction on I. Clearly it holds in the case 1 = 1. 
Suppose the inequality holds for the coefficients for I = s. For I = s + 1, we have 



3=1 

3=1 3=1 
3=1 

where we are assuming that = = 0. By the induction hypothesis \a,j \ < 
(J + l) s , one sees that 

\af +1) \ = \jaf ) +a^ 1 \<(j + iy + \ 
which completes the proof of the lemma. □ 
Now we return to prove inequality (1). 
Proof of Proposition [2.21 (1) 

We first reduce the question to the case of dimension one. Indeed, define the slice 
function g%(z) = g{^z) for g G C(B n ) and £ G dM n , z G D. Using Propositions 1.4.3 
and Proposition 1.4.7(1) in |19J . we have that for g G 

' r 2n - l dr [ 
r r 2n - l dr [ 

're [0,1] J^edB n Jee(-n,7T] 

'"k; / .yii.--;r"~ I|J ' 
Agio 

where dcr(^) = j = 2 nVo/0B ) * s ^ ne norma hzed Lebesgue measure on dM n . 

Noticing that R z {p^(z)) = (Rp)^(z), where R z is the radial derivative in the one 
variable z, by formula (13. 2ft we have 

\(R k p)(z) f(z)\ 2 (l - \z\ 2 f k dm(z) 

\R k z {p^{z)) f^z^il -\z\ 2 ) 2k dm{z)]dm{iY 
|j^)/(z)| 2 dm(z) 

n 

= J- / [/ |p e (;0/e(^^(*)W(e)- 

27r </£eSB n l Jzeo J 
So, it suffices to show the inequality involving one variable functions. 

Now we use the Covering Lemma to show the inequality on C for <9 J , 1 < j < 
min(m, I) . In this case, the covering domains in Proposition 3.5 degenerate to disks 



(3.2) I gdm = 2nVol(M n ) [ r 2n ~ l dr [ g(r£)da(£) 
Jm„ ire [0,1] JtedBn 

= 2nVol(M n ) [ r 2n ~ l dr [ d<r(£) [ g{re ie £) — 

ire [0,1] JtedBn Jee(-7T,7T] 27T 

= / dm(0 [ gz(z)\z n - l \ 2 dm(z) 



1 

27 
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with radii 5(z). The same argument as in the proof of Proposition 2.2' (2) shows that 
for 1 < j < minim, I), one has that for z G Di = {w G © : \w\ > |} 

|9< pW/W |^ W <[g±^r/ W „)/W|" *"<«> 



2(m-j)! J w eQ Hz) (z) V ol{Q s{z) {z))' 

This implies that if 1 < j < min(m, I) < k, then we have 

! \&p(z)f(z)\ 2 (l- \z\ 2 ) 2k dm(z) 

J z£Qs(z a )(z s ) 



^ 3 2 m+1 ! 2 2 2 ^ l + 2c 2fc "^ f . , ..^ . |2 , 2fc _ 2i , , , 

c 2j (l-3c) 2 * ^ y«60 aoM (,.)(*.) 

and hence 

|(^)(^)/(z)| 2 (l-|^| 2 ) 2fe dm(z) 



^ 3 2 (m + l)! 2 2 2 ^(l + 2c) 2fc - 2 \ r/ . /" . , , ..^ . |2 , 2fc _ 2 ,, , , 
^ ^(1-3^)2^-2/ N ( n ) Jjp( z )f( z )\ (1-N ) ^™0) 

< (12 2 (m + l)! 2 iV(n)/c 2 ) fc+1 / |p(z)/(z)| 2 (l - |z| 2 ) 2fe - 2 'dm(z). 



Using Lemma 3.6 we show that for the polynomial p with m = deg(p) 

rnin{2,m} min{i,m} 

\R l p\ = \ afz 1 d j p\<(m + l) 1 J2 l&Pl 

3=1 j=i 

Therefore, one has 

\(R l p)(z)f(z)\ 2 (l-\z\ 2 ) 2k dm(z) 



l{zeD:\z\>±} 

< (12 2 m 2 (m+l)(m + l)\ 2 N(n)/c 2 ) k+1 I \p{z) f {z)\ 2 {I - \z\ 2 ) 2k ~ 21 dm{z) , 



completing the proof of (1). □ 

It remains to prove (3). One can prove it using the above methods or it can be 
shown directly from Proposition 2.2' (1)(2) as follows. 

Proof of Proposition E2J (3) 

By equation (12.31) . we have \z\ 2 djp = JjRp + X^=i i+j z iLj,iP, which implies that 

\d jP \<A\Rp\ + Y, A \ L oM 

for \z\ > 1/2. Combing this inequality with Proposition 2.2' (1), (2) shows the desired 
result. □ 
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4. Further discuss 

4.1. The weighted Bergman space L^(/x p ). For p E C[zi, • • • ,z n ], let L 2 (n P ) be 
the Hilbert space consisting of functions having the property that f M \f\ 2 djj, p < oo, 
where \i v is the measure on B n defined by d\i p = \p\ 2 dm, and let L 2 a (n P ) be the weighted 
Bergman space consisting of the analytic functions in L 2 (fi p ). Little is known about this 
natural analytic function space. In what follows, we show some elementary properties 
of L 2 a (n P ) using the methods and results in Section 3. 

Lemma 4.1. For a polynomial p E C[z%, ■ • • ,z n ] with m = deg(p), we have for any 
f E L 2 a (np) that 

[ \fr\ 2 \ P \ 2 drn < 2 2 (™+- 1 ) / \f\ 2 \p\ 2 dm, if\<r<l, 
where f r (z) = f(rz) for z6l„. 

Proof. Firstly we show the inequality in the case of one dimension as follows. 
For each polynomial g with m = deg(g), suppose 

g(z) = z u {z - 01) • • • (z - a v )(z -b x )---{z- b s ), 

where u + v + s — m, |aj| > 1, \bi\ < 1, bi 7^ 0. Let 

g(z) = {z-a 1 )---{z- a v )(l - b x z) • • • (1 - b s z). 

By Lemma 2.1 in [2], one sees that < 2 m for | < r < 1, \z\ < 1. This implies 
that for h E A(J3>) and | < r < 1, we have 

, 2 dm{6) f\~ije^ u ,je M 2 dm { d )^ n 2rn [ i~/„J0 U /^M2 dm ( e ) 



\g(e^h(re^\ 2 — ^ = / \g(e*»)h(re w )\ 2 — ^ < 2 2m / \g(re M )h(re M )\ 

< 2 2m [ \g(e ie )h(e ie )\ 2 ^^- = 2 2m [ \g{e ie )h(e i0 )\ 2<im ^ 



27T Jj 2tx 

Therefore, for / E L 2 a ({i p ) and | < r < 1, one has 

/ \p(z)f(rz)\ 2 ^ = [ [[ \p(r'e* s )f( rr 'e* s )\ 2 ^]2rd r 

JV> n J0<r'<l JT Zn 

< 2 2m [ [[ \p(r'e^f( r 'e^\ 2 ^]2rd r = 2 2 ™ [ \p(z)f(z)\ 2 ^, 

J0<r'<l J T Z7T JO 7r 

which establishes the inequality in the case of one dimension. 

Now we prove the general case by a slice argument as in formula (13. 2p . Indeed, we 
have that 

/ \f r \ 2 \p\ 2 dm=±- [ dm(0 I \f^rz)\ 2 \z n - l p{iz)\ 2 dm{z) 

JM n ^ J££dM n J z&> 

o2(m+n— 1) r r r 

< — = / dm(0 \f{iz)\ 2 \z n - l p{iz)\ 2 dm{z) = 2 2 ^ +n - i n \f\ 2 \p\ 2 dm, 



'zgK 

which completes the proof. □ 
Lemma 4.2. The weighted Bergman space L 2 (fi p ) is complete. 
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Proof. It suffices to show that L 2 (fi p ) is a closed subspace of L 2 (fi p ). That is, if a 
sequence {/„} in L 2 (fi p ) converges to / in the norm of L 2 (/x p ), then / is equal a.e. to 
an analytic function on the unit ball. Choose a multi-index a such that |a| = deg(p) 
and d a p is a nonzero constant. Using the above lemma and Proposition 2.2(3), we 
have for any | < r < 1, that 

\d a P \ 2 [ \f n (rz) - fi(rz)\ 2 (l - \z\ 2 ) 2 ^dm(z) 

< c 2H nliiCV,™) 1+|a| - m / \f n (rz)-f l (rz)\ 2 \p(z)\ 2 dm(z) 

< 2 2 ^+ n -^c 2H U^ =1 C(n,my^\- m I \f n (z) - fMFWzWdmiz) 

as n, I — > oo, where C(n, m) is the constant appearing in Proposition 2.2. This implies 
that the sequence /„ is pointwise convergent to an analytic function g. Noticing that 
f n is also pointwise convergent to / outside the zero measure set Z(p) fl B n , we have 
/ = ga.e., which completes the proof. □ 

Lemma 4.3. The polynomial ring C[zi, ■ ■ • , z n ] is dense in L 2 a (ij, p ). 

Proof. Let M be the closure of C[zi, • • • , z n ] in L 2 (n p ). Obviously, for each g e A(M n ), 
we have g G M. For any / G L 2 a (^ p ) ) set f n (z) = /((l — ^)z). By Lemma 4.1 the 
sequence f n is uniformly bounded in L 2 a {ji p ). So, there exists a subsequence f nk which 
is weakly convergent to some function g G L 2 a (n P ). Clearly g G M. Moreover, for 
each z G B n , by the proof for the above lemma, the point evaluation at z is a bounded 
functional in the Hilbert space L 2 (fj, p ). This implies that f nk ( z ) ~ > d( z ) f° r e&ch z G B n . 
Thus, g = f and hence / G M. This means that the closure M = L 2 (/i p ). □ 

We summarize the results in this subsection in the following. 

Theorem 4.4. Let p G C[zi, • • • ,z n ]. Set dji p = \p\ 2 dm and 

L 2 (fi p ) — {/ G L 2 (/i p ), / holomorphic on M n }. 

Then L 2 a (n P ) is a reproducing kernel Hilbert space on M n , which defines a p-essentially 
normal Hilbert module whose essential spectrum equals dM n . Moreover, C[z±, ■ ■ ■ ,z n ] 
is dense in L 2 a (^ p ). And L 2 a (n P ) C L 2 t (B n ) for t > 2deg(p). 

Proof. Consider the operator X : L 2 a (^ p ) — > L 2 a (M n ) defined by 

z(p) = Pf- 

This natural embedding map X is an isometrical module isomorphism from L 2 (/i p ) 
to the image ran(X). Clearly the submodule [p] C ran(X). Furthermore, by Lemma 
4.3, each of [p] and ran(X) is the closure of the ideal pC[z±, ■ ■ ■ , z n }. This means that 
[p] = ran(X). Hence, by Theorem 2.5 one sees that L 2 a (n p ) is essentially normal, which 
is a result analogous to the basic result for the Bergman space. □ 

Moreover, we also have obtained a somewhat surprising result in function theory 
since [p] = ran(X). 
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Corollary 4.5. For any analytic function f E L 2 a {E> n ), one has that f E [p] if and only 
if f = ph f or some analytic function h on B n . 

4.2. Quotient Modules. Let p G C[zi, • • • ,z n ],M p = [p] C be the cyclic 

submodule generated by p, J2 p be the quotient module defined by the short exact 
sequence 

— ► M p — > L*(B n ) — > ^ p — > 0, 

and Q/ be the compression of M/ on L^(B n ) to £} p for / G H°°(M n ). Then the map 
/ — > Qf for / G C[zi, • • • ,z n ] defines the module action of C[zi, ■ ■ • , z n ] on £} p . 

Let £?(J3 p ) be the C*-subalgebra of Jzf (i? p ) generated by {Qf : / G C[2i, • • • , z n ]} 
and K.(J2 P ) be the ideal of compact operators on =2 P . From Theorem 2.5 and Lemma 
2.1 in [17] or the related result in [3j HU [161 HB], it follows that all the operators 
Qf are essentially normal, or [Qf,Q* g ] G fC(£} p ) for f,g E C[z%, ■ • • ,z n ], and hence 

(£2 P ) / K,(£2 P ) is a commutative C*-algebra. This means that it's isometrically iso- 
morphic to C(Xp) for some compact metrizable space X p . Using the image of the 
n-tuple (Q Zl , • • • , Qz n ) in ^ (&p) / fc(&p) , we can identify X p as a subset of C n . More- 
over, since Yli=i Q* Zi Qzi < I, one sees that X p C c/os B n . In fact, we have the following 
partial characterization of X p . 

Proposition 4.6. For p E C[z\, ■ ■ ■ ,z n ], we have 

clos{Z(p) n B n } n dM n EX P C Z{p) n <9B n . 

Note that a point z is in Z{p) D 9B n and not in clos{Z(p) fl B n } only when the 
component of Z(p) containing z is "tangent" to B n in some sense. 

Proof. For / G C[zi, ■ ■ ■ , z n ), we can write 

M f = S f ®Q f + K, 

where if G /C(Z^(B n )). Since the C*— algebra generated by {M f : / G C[zi, • • • , z n ]} 
contains K(L 2 a (M n )) and ^(L^(B n ))//C(L2(B n )) = C(dE n ), we have a *- homomor- 
phism from C(dM n ) to C(X P ). It follows that 

X p Ca e {M zl ,--- ,M Zn } = dM n , 

where a e denotes the joint essential spectrum. 

If Zq = (z®, ■ ■ ■ ,z®) E <9B n such that p(z ) ^ 0, then the ideal in C[^i, • • • ,z n ] 
generated by {z% — z®, ■ ■ ■ , z n — z®,p} equals C[zi, ■ ■ • ,z n }. Therefore, there exist 
polynomials {qi\™=i such that 

n 

^2qi(z)(z % - z?) + q n+1 (z)p(z) = 1. 
i=i 

This implies that J^iLi QqtQzi-z = > or is n °t in the joint essential spectrum 
of the n-tuple {Q^, ■ • • , Q Zn } and z ^ X p . 

Suppose w = • • • , G 9B n such that there exists {w/ c }^l 1 C Z(p) fl B n 
and — > w . Let be unit vectors in L^(B n ) such that M^ k = f(wk)£k f° r 
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/ G C[zi, ■ ■ ■ ,z n ] and k G N. It's well known that is weakly convergent to since 
Wo is not a joint eigenvalue of the n— tuple (M* , ■ • • , M* n ). Since 

<&,P/>J*CB») = />^CB») = P&fc*, /)^(b„) = 0, V/ G L*(B n ) 

we have £ fc J_ [p] and hence C i? p . Moreover, Q* f £ k = M* f ^ k = for 

keNJ e C[z u --- ,z n \. 

Now we claim that such wo = (itf?, • • • , W®) G X p . Otherwise, the n-tuple of opera- 
tors (Q^-ajO, • • • , Q Zn - w o) is Fredholm and hence the range of H = Ya=i Q z .- w oQ* p 
has finite codimension in J2 p . Thus there exists a finite rank projection E and £ > 
such that H + E > elg p . However, a direct computation shows that 

n 

i=i 

since is a finite rank operator and — )■ weakly. This leads to a contradiction. 
Therefore, we have w G X p , completing the proof of the proposition. □ 

In many cases, the two sets are equal and thus X p is characterized completely. 

Recall that / G C[zi, • • • , z n ] is said to be quasi-homogeneous if there exists k%, • ■ • , k n G 
N and a homogeneous polynomial g G C[z%, ■ ■ ■ ,z n ] such that f(zi, • • • , z n ) = g(z 1 1 , • • • , z kn ) 
for (z l7 • • • , z n ) G C n . 

Corollary 4.7. For a quasi-homogeneous polynomial p G C[z±, ■ ■ ■ ,z n ], we have X p = 

z{ P )ndn n . 

Proof. Suppose that p(zx, ■ ■ ■ ,z n ) = g{z 1 i : --- ,z kn ) for some homogeneous polyno- 
mial g and k±,--- ,k n G N. For any z = {z®, • • • ,z®} G Z{p) fl dM n , we have 
g((zi) kl , • • • , (-2°) fcn ) = 0, which implies that g(r(z®) kl , • • • , r(2:°) fc ™) = for < r < 1 
since g is homogeneous. This means that p(z r ) = for z r = (r^z®, ■ ■ ■ ,r~i^z®), and 
z r — > z°, which completes the proof. □ 

Since p G C[zi, ■ ■ ■ ,z n ] defines the extension of K,(£} p ) by C(X P ), we have [p] G 
Ki(X p ), the odd K- homology group of the compact metrizable space X p [5J. A basic 
question is to determine which element one has. In [TU] it was conjectured that [p] is 
the fundamental class of X p determined by the almost complex structure of X p C dM n . 
(In [10] the multiplicity of p was not taken into account. For example, one sees that 
X p2 — X p for p G C[zi, • • • ,z n ] but [p 2 ] = 2[p] G KipQ. ) In [T7], the element [p] 
is calculated for the case p is homogeneous and n = 2 and in this case one can show 
that [p] equals the fundamental class. In this case X p consists of the union of a finite 
number of circles. Hence [p] G K\{X P ) is determined by the index of an appropriate 
operator for each circle with the property that the fundamental class is determined by 
the "winding number" of the polynomial on these circles. The basic technique in [17] 
is to first factor p(z±, z%) and reduce the calculation to that of a single factor. 

The proposition raises a number of questions which we now discuss briefly. 

First, is it always the case that X p = clos(Z(p) flB n ) fl<9B n ? This question is closely 
related to the question of whether p G C[zi, ■ ■ ■ ,z n ) with Z{p) flB n = is cyclic which 



ESSENTIAL NORMALITY OF PRINCIPAL SUBMODULES 



21 



was answered in the affirmative in [8]. What would be needed to solve the question 
here would be a technique which allows one to handle the case in which some points 
in Z(p) n dM n are "tangent" to dM n but others are not. 

Moreover, we observe that the above proposition carries over to many more general 
submodules of L 2 (M n ). For example, for fa,--- ,fa <G A(M n ), the ball algebra of 
functions continuous on clos(M n ) and holomorphic on B n , one can see that 

dos(z(fa, • • • , fa) nB n ) n dM n c x [01i ... i0fc] c n <9B n , 

where [0i, • • • ,fa] denotes the submodule of L 2 a (J8> n ) generated by (fix, ■ ■ ■ ,<fik and 
Z(fa, • • • , cfik) is the subset of closM n of common zeros of (fix, ■ • • , fa. Similarly, the 
question whether the maximal ideal space X^ u ...^ = clos(Z(fa, • • • , fa) HB n ) fl <9B n 
is related to the question of whether Z(fa, - - ■ , fa) fl B n = implies [fa, • • • , fa] = 
L 2 a (JS> n ), which is still open for the dimension n > 2. The above argument also extends 
to other reproducing kernel Hilbert modules such as the Hardy and Drury-Arveson 
spaces. 

Second, the conjecture of Arveson concerns the closure of homogeneous polynomial 
ideals in the Drury-Arveson space. One can show in the case of homogeneous ideals, 
essential normality of the closure in the Hardy, Bergman and Drury-Arveson spaces 
are all equivalent. But this argument doesn't work for the case of ideals generated by 
arbitrary p G C[zi, ■ ■ ■ ,z n ]. It seems likely that the argument in this paper can be 
generalized to obtain the same result for the Hardy and the Drury-Arveson spaces. 
However, while we believe that both results hold, perhaps techniques from [91 17] may 
be needed to complete the proofs. 

Thirdly, in [TU] the first author offered a refined conjecture for the closure of homo- 
geneous polynomial ideals in the Drury-Arveson space. Arveson conjectured that the 
commutators and cross-commutators for the operators Qf in J2 P were in the Schatten 
p— class for p > n which we have established in this paper for the case of principal 
polynomial ideals. However, in [10J, it was conjectured that this result on the commu- 
tators actually holds for p > dim Z(p). Although it is not clear if one can modify the 
proof herein to obtain this result, the question makes sense. 

Finally, it is natural to ask if the result in this paper extends to all ideals in 
C[zi, ■ ■ ■ , z n ] or even to all ideals in A(M n ). One approach to this problem was discussed 
in [12]. A question, seemingly beyond current techniques, is whether a submodule of 
L 2 a (J&> n ) is essentially normal if and only if it is finitely generated. However, for the 
case n — 1, the equivalence holds with one direction following from the Berger-Shaw 
Theorem [5] and the other from the result in pQ. 
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